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Abstract—In this paper the heat-transfer problem of a conducting liquid (forced ‘convection} ina
circular pipe under a transverse magnetic field is studied when the walls of the pipe are kept at a
constant axial temperature gradient. The mean temperature and the Nusselt numbers are presented

for small values of the Hartmann number and are shown graphically.

NOMENCLATURE
constant axial temperature gradi-
ent;
radius of the pipe;
uniform transverse magnetic field;
modified Bessel function of first
kind and nth order;
half the Hartmann number;
thermometric conductivity;
fluid thermal conductivity;

i
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o
Hartmann number = uHya (1-7) ;

Nusselt number;

dimensionless axial pressure gradi-
ent;

Peclet number;

radial co-ordinate;

dimensionless radial co-ordinate;
temperature of the fluid;

mean temperature of the fluid;
temperature of the wall;

the mean velocity of the fluid;
axial component of fluid velocity;
dimensionless axial component of
fluid velocity;

axial co-ordinate;

dimensionless axial co-ordinate;
density of the fluid;

permeability of the magnetic field;
electric conductivity of the fluid;
coefficient of viscosity of the fluid;
kinematic coefficient of viscosity
of the fluid;

circumferential co-ordinate.

INTRODUCTION

THE study of heat transfer for an electrically
conducting fluid under the influence of a magnetic
field is now considered of significant importance
due to its application in many engineering prob-
lems such as the magneto-hydrodynamic gener-
ator, plasma studies, nuclear reactors and those
dealing with liquid metals. These applications
approximate to a linearly varying wall tempera-
ture or uniform heat flux rather than a uniform
wall temperature. Nusselt [1] was the first to
discuss the problem of heat transfer for the non-
magnetic case in Poiseuille flow for uniform wall
heat flux. Seigel [2] has solved the similar
problem for a parallel plate channel correspond-
ing to a Hartmann velocity profile for the
magnetic case. Nigam and Singh [3] have
studied the same problem when the plates are
kept at a uniform temperature. However the
problem for a circular pipe is more important
from a practical point of view.

In the present paper, the problem of heat
transfer for the fully developed laminar flow
through a circular pipe for an electrically con-
ducting, incompressible, viscous fluid, under
the action of a uniform transverse magnetic
field is presented when the walls of the pipe are
kept at a constant temperature gradient. The
heat generated due to viscous and electric dissi-
pation is neglected. It is assumed that even with
a moderate velocity the difference in the wall
temperature and fluid temperature is small
enough to permit the neglect of buoyancy force
in comparison with inertia and frictional forces
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It is found that the mean temperature in-
creases and the Nusselt number increases as the
intensity of the applied magnetic field is in-
creased. Similar results have already been
obtained by Nigam and Singh [3] in case of
Hartmann flow for a flat plate. It is also noted
that the mean temperature and the Nusselt
number both decrease as 6 increases from zero
to #/2. The results are consistent with the con-
clusions drawn by Singh and Nariboli [4] that
the velocity profiles for 8 = 0 are nearly identical
with those obtained by Hartmann in case of
flow through parallel plates under transverse
magnetic field, and for @ = =/2 they are of
parabolic nature.

STATEMENT OF THE PROBLEM AND
DIFFERENTIAL EQUATION

Consider a viscous, incompressible, electric-
ally conducting and heat conducting fiuid in a
fully developed laminar flow through an infinite
circular pipe of radius a, under the action of a
constant pressure gradient, represented non-
dimensionally by P,, in the direction of motion
and a constant transverse magnetic field H,.
The walls of the pipe are kept at a constant axial
temperature gradient 4. Fig. 1 shows the con-
figuration and co-ordinate system and Fig. 2 is
the cross-section of the pipe showing the mag-
netic lines of force.

The problem of velocity distribution in this case
has already been solved by Shercliff [5], Uhlen-
busch and Fisher [6], Ufyland [7], Gold [8] and
Singh and Nariboli [4]. The expression for the
axial velocity component [4] is given as
4? i ao[o (kr) (e—kr cos 0 + ekr cos f))

[

+- 23 anly (kr) cos nd e~kr cos 0
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2N (1) anly (kr) cos nf ekreos?, (1)
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where
dI, (k)
T
The energy equation for the associated heat-
transfer problem [9] simplifies to
1 &2T

Iy (k).
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Fic. 1. Configuration and co-ordinate system.

The terms due to viscous dissipation and electric
dissipation are neglected.

Introducing the dimensionless variables z, r
and w defined by

Zla=2z wloe =w
ave
4 — = — 3
r'la=r, Pe k.’ 3)
equation (2) becomes
oT o*T 10T 1 2T o*T
rewl = (Git gt taa) @

Assuming the temperature distribution T of the
form
T == Az + g(r, 0) (5

with the condition
g(1,8) = 0; (6)

and substituting in equation (4), the differential
equation

g log 1 % :
Pedw =+ 5 g )

is obtained, with the boundary condition
g(1,0) =0. (®)

FiG. 2. Cross section showing the magnetic line of
force.
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The mean temperature and the Nusselt number

are defined as
7 (1
jT rdrdﬂ/j jrdﬁdr,
0 Jo

27
Tmzj
0

v (), [x@a-ra]

MATHEMATICAL SOLUTION
Substituting the value of w in (7), the differ-
ential equation becomes
g log 18 PoPed
o2 T ror rre® 4k

{aalo (k;-) (e-kr cos 6 + gkrcos §)

+2 § anly (kr) cos nb

n=1

[e—krcos 6 | (—])n gkreos 8]}, (10)

The solution of this equation will be of the form

g =S fn(r)cos mb. (1)
n=%

With this value of g, the equation (10) becomes

[ () 1 dfm 2
Z[ {w(r) 4! fdr(r)_':; I (,)] cos mé

m=0

Po Pe A 2 "% (oL, (kr) (e=r cos 0 - gkr cos 0

+2 § anly (kr) cos nf e—kreos

n==1

+ 23 an (— 1) Iy (kr) cos nf ebreoss). (12)
n=1

Multiplying the equation (12) by cos mf and
integrating between the limits O to ,

a2 1 dfm 2 P Pe A
d{? + ; —dj—; — % fn == {aoly (kr) In (kr) + 2 a,,( D# (L (k) Fpam (k) -+ By (kr) Byen (1))}
(13)
for even m. When m is odd, the expression for the right-hand side vanishes.
The boundary condition becomes
() =0atr=1,m=0,2,4,6,.. (14)
For m = 0, equation (13) becomes
d P Pe Y|
51 5) =0 i)+ 25 an (- UGN, (19)

Integrating twice with respect to r and using the finiteness condition at r = 0 and the boundary

condition (14), f,(r) is obtained as [Appendix (i)]

P,Pe A
filr) =22

o

(ao {12 (kr) — 213 (kr) -+ Lo (kr) L (kr)) 2 — [12 (k) — 253 (k) + Lo () L (K]}

= D UG W ()~ T () o () = B 6r) + T k) T ()

n=1

— 24, (k) — Insa (k) In (k) —

s Znan —1)”

{( k?' /2)28+2’n +2 __

12 (k) 4 Inya (k) In-1 (K)]}

(k/2)ss+3n+3] (2n + 25 + 1)!

»=0

(2n+s+1)!(n+s+1)!(n+s)!s!(n+s+1)). 9
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For non-zero values of m, the solution of equation (13) is obtained by the method of variation
of parameters and the two constants of integration are determined by the finiteness condition
at r == 0 and the boundary condition (14). Thus [Appendix (ii)]

PeP, A
S (r) = dem G = 1) {aer? [(m -+ 1) I (kr) By (kr) + (m -~ V) I (kr) Ly Chr) — 2m 1, (k) Iy, (k)]
- aor™ [(m 4+ 1) I (k) Ly (k) -+ (m 1) I (k) Dusa (k) — 2m I (k) Ly (K))

+ 2 (""l)n ani’® [(m + 1) Imina (k") In (kr) + (m + l) In—n (k") Iy (k")

nesl

4 (m — 1) Lpnr (kr) Ty (ki) -+ (1 — 1) Bpmay (k1) Ly (k1) ~ 20 Dy (k) T (k1)
— 2m Ipp, (kr) In (kr)] — % (=D aprm [(m 4 1) Ly (k) L (k)

n—1

+ (m + l) Tn—n-a (k) Ina (k) + ("’l - ]) Inini (k) In (k) + (m - ]) J (I (k) i (k)

And hence,
"""" = A4z 4 )_‘ fm(r) cos mb, (18)
where m is an even integer and f, (r), f; (r),f4 (r), . . . etc. are given by equations (16) and (17).

In the limiting case as k tends to zero, the temperature distribution T approaches the value
for the non-magnetic case given by Nusselt [1] as
P Ped|3 TEE
7 [i6 i+ 1_6}'
The mean temperature and the Nusselt number have been calculated by expanding the

temperature distribution 7 as a polynomial in kr and retaining the terms only up to sixth
degrees in kr. The value of Ty, is obtained [Appendix (iii)] as

Ty = Az + fg—%{é % D (19)
where
P, k2P | kDt (Kf2)F (kj2* . (k/2)* | (k/2)°
& "“"ls*" n tn 144]+"1[ a9 ]

G KD T2
02[ 96 + 240 %3 1 71440

o [(A/z) k2 3(1</z)6} La [(k/z,)" Tk[2)t | 13(k[2) ]
Y

Con 12716 160 6 64 T 400
(k[2)>  (kj2)* | (k/2)° (k/2)* 3(k[2)° kI
w5 e e }* @ [64 o] "4[3’00'];
U R k2P R 2028 [(5@4 _(k/z)ﬁ]
R A [ 18 T 60 ] '""1[ 12T as ] R I I T
(e (k/2)" k/2)* | (kj2)"
B |
S (k,z)e /20 (k25 (K2 (A/z)ﬂl |
w0l el et e e e | )
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The Nusselt number is given by [Appendix (iv)] Nu = —N/D, where

N = a0 |1 12+ 12+ 12| — [ 2P+ 52 e |

6 12

ta [(1’6/2)4 (k/2)“] a, [(kg)'"’]

I cos 20
12

+a [2(k/2)2 + 2k + g‘(k/z)ﬁ} —

cos 40

120

fao [2 + 200 + Gk | — o [k Jekrz + g ey

[ac/z)** [gk_/g)ﬁp

k2] + i [555]}

o (a0 612 + (/201 = ay [4012) + 3 GI2F] + s [olk)t+ 5 e |

~ a [0+ 56120 + a2 + G2}

cos 66
420

+ a2y -

o 20
12 12

5
S (2 + S 2

@n

and D is given by equation (20).
The Nusselt number also tends to 6 as k — 0
in agreement with the result given by Nusselt [1].

CONCLUSIONS

The mean mixed temperature and the local
Nusselt numbers are calculated for small values
of the Hartmann number M = 0-8, 2, 2:8 and 4,
correct to the third decimal place. These results
are based on the expansion of the modified
Bessel functions in ascending powers of kr up to
sixth degree and are valid only for small values
of k. For large values of k, the asymptotic
expansion of the modified Bessel functions should
be used. As the Hartmann number varies from
0-8 to 4, the mean temperature increases from
—0-041 4 Az to —0-031 + Az. For M =0-8
there is no appreciable variation in the Nusselt
numbers for different values of 4, but for other
values of M, they go on decreasing with the
increase of 8. But for the same value of 6, the
Nusselt numbers increase with M. Fig. 3 is the
plot of the Nusselt number against 6 for different
values of M. At 6 = 0 the Nusselt number for
different values of M, matches with the values
calculated from Seigel’s [2] result. For example,
at M = 2, the Nusselt number in case of flat
plate [2] is 6-92 whereas in this case the corre-

sponding Nusselt numbers at § =0 and § = #/2
are 6-7 and 6-5 respectively. Hence this shows
that the temperature profiles at 6 =0 are
similar to those for a flat plate and those at
§ = /2 are of parabolic nature.

The problem, when the walls of the fube are
kept at constant temperature [3] will be presented
in the next communication.
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APPENDIX
(i) Integration of equation (15) with respectto r

[[10], equations (164) and (193), pp. 201 and
203] is

s Po P A
%f; k’“’A{“° r U3 (k) — 13 (kn)]

za,.(-l)n [rﬁ(kr)—rlnH(kr) L@y

2 TG I kr)] +B?‘},

where B, is the constant of integration.

Substituting the value of Iy (kr) I'niq (kr) from
Watson [11, equation (5.40, 5), p. 147], the
equation becomes

2(r) PoPed
df;if)___wﬁigiw.{ % [ (k) — 3 (k)]

2 ran (—Dn [12(kr) — 12, (kr)]

< 2 (— )0
- k .
n=1

(krf2)ts+3n+1 (25 4 2n - 1)!
Cn+s+ D+ s+ DI+ sHis!

5=0

B%
+ r
Again mtegratmg (23) with respect to r, fo (r)is
obtained. B, is zero due to finiteness condition
at r = 0, and the boundary condition (14) gives
the value of the other constant C. Substitution
of this value of constant in the integrated equa-
tion, gives (16).

(ii) When m is not zero, equation (13) can be
written as

4

(23)
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137 \
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\\\
135
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/A\J/—\\’Jﬁ\‘—__/
F/\\J/\r\ﬂ\ﬁ/
NG 1
80 \\ M=2:8
} N
| ™ ~F
378 B
=
ﬁﬁ\/m”_’_\
69
88
M=2
87 —
I
66 ' \\
65 f
64
6 M=0-8
P
62
8l
& !
o] K/G WA 7!/3 77/2
ANe againgt, §—
FiG. 3.
. d
r d{ s+ L — m¥m = r*R (24)

where R stands for the right-hand side of (13).
By the method of variition of parameters, the
solution is obtained in the form

Jm (r) = Py + Q=™
where

r=(m+) R dr
b= j“ixm

m-1 Rd
&a~ji—~l+a

+ B,

} (25)

2m
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and B, and C, are constants of integration.

To evaluate P, and @, the following integrals
are derived.

The results

S L) (] = 3 [ () Fos ()

+ Tun () I ()]

T O+ 44 ) A (9 I (0. (26)
and
B Tt () Fosa (9] = 37 [ () T ()
Flun () LD+ A —u—0v—~2)
XM Ty (%) Tyt (%) e2)

which are obtained by equations (164) and (165),
p. 20, McLachlan [10], when subtracted, give

d
5 M I L () — Lia (0) o (0]}
= A+ u+ o)L (0O L (x)

- (A - — 2) xA-1 Iu+1 (X) Ip-}-] (X).
(28)
Integrating and giving special values to A,

—(u-+4v)and A = (u+ v + 2), the
integrals are obtained,

[ xutv+l [, (x) I (x) dx )
Iu (x) In (x) — Tyia (X) Tpia (%)
u+v+1)
[x-u—o L, () I (x) dx
}ﬁ~1(x)15~1(x3 _'Ié(lei(xj
2u+v—1)
If R is written as

Pole 2 a0 1o ) B r) + San

xu+v+2

> (29

X—u-v+e

o

,])n

(T (kr) L (kr) + In (ki) Ly (K1)}

in equation (25), the value of P, and @, can be
determined directly using the two integrals (29)
foru=0,—-nnandv=mm+nandm — n.
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The constants are determined by the finiteness
condition at r = 0 which gives C; = 0 and the
condition (14) which determines B,. And thus
Jm (r) is obtained in the form of equation (17).

2r L
(iii) Tm =1J j Tr dr dé. (30)
mJo Jo

27 (1
::lj J Sorfm (rycosmf drdf 4 Az
TJo Jo m=0
(3D

1 o
2| Ehoarran @
7Jo m=0
where fi, (r)is known as the product of two modi-
fied Bessel functions in the form I, (kr) X I'(kr)
which can be written in ascending powers of
kr by the expansion

Ip (kr) Iy (kr)
LN gt
L)+ g+ sl

Giving special values to p and g from equation
(17), and retaining the terms up to sixth degree
in kr in the expanded series, the value of fi, () is
known as a po]ynomxal in kr. Substituting this
value of fi (r) in (32), and then integrating, the
value of T, is determined as given by (19) and
(20).

(iv) Nu = —ZK( ) /K (Tm — Tw) (34

‘oT P, Pe A
= -2 (5;)rx1/_ P < D,

as Tw = Az, and D is given by equation (20).
But,

().~ (%)..

where fin (r) can be expanded in ascending powers
of kr as in (iii) above and can be written as a
polynomial of sixth degree in kr. Differentiating
term by term, the value of df,, (r)/dr can be cal-
culated at r == 1, Substituting this value in (35)
the value of Nusselt number is determined as in
equation (21).

(3%)

cosmf, (36)
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Zusammenfassung—Der Wirmetbergang in einer elektrisch leitenden Fliissigkeit (Zwangskonvektion)

in ecinem Kreisrohr mit radial angelegtem Magnetfeld wird untersucht. Dabei weisen die Rohrwinde

einen konstanten, achsialen Temperaturgradienten auf. Die mittlere Temperatur und die Nusselt-
Zahlen sind fiir kleine Werte der Hartmann-Zahl angegeben und grafisch dargestellt,

AHHOTAIMS-—B HACTOAMEN CTRThe PRrecMATPHBACTCS TPORICA TOILIOOTM P HA TEITOIPOBO, (-

HOH RIGIROCTH (BWMHYHRACHUHAT KOHBERIHA) B KOABIEBOI TpyHe npl HALIUMWIT HOHePOUHOro

MACHHTHOPO JIOJH 1T TIOCTOSHHOTY AKCHATIBHOPO IPAJHENTA TOMIEDATY PhL CTeREN Tpy i, Lt

MATLIX BHAUe eaa NapTMania HPHBE JeHbL CPOHHA Tesnepaty pa i aneii Hyeceasra,
A TAIGRY A0 1X rpagiuecioe HpeleTaniIee.,



